Abstract: This note addresses the meander enumeration problem: "Count all topologically inequivalent configurations of a closed planar non self-intersecting curve crossing a line through a given number of points". We review a description of meanders introduced recently in terms of the coupling to gravity of a two-flavored fully-packed loop model. The subsequent analytic predictions for various meandric configuration exponents are checked against exact enumeration, using a transfer matrix method, with an excellent agreement. 03/00 *
Introduction
The meander problem is one of those tantalizing questions that has resisted a definite solution for decades, although it is very easy to state: "Given a positive integer n, in how many topologically distinct ways can a closed non-intersecting planar curve (road) cross a straight line (river) in exactly 2n points (bridges)?"
Originally an exercise of recreational mathematics [1] , the meander problem turned out to have applications in the most various branches of science: Sorting algorithms in computer science [2] , enumeration of ovals of planar algebraic curves [3] , classification of three-manifolds [4] , and in connection with a particular type of self-avoiding walk describing the compact folding of a linear chain [5] .
An obvious strategy would of course be to evaluate the first few meander numbers M n , in the hope of finding an explicit formula, valid for arbitrary n. Such enumerative approaches exist on various levels of sophistication [6] [7] [8] [9] , and a recent transfer matrix method [10] carried out this program up to n = 24. Although an explicit expression for M n appears to be out of reach, it became clear that, in analogy with two-dimensional lattice polymers, the meander numbers scale asymptotically as M n ∼ CR 2n /n α , where R is a connectivity constant and α a configuration exponent.
A major achievement of random matrix theory has been to deal with precisely such asymptotic enumeration problems [11] . It is therefore natural to apply such techniques to the meander problem [12] [13] [14] . In particular it has emerged that a generalized multi-road multi-river meander problem, in which each closed segment of river (resp. road) is given the statistical weight n 1 (resp. n 2 ), can be cast as a Hermitian matrix model, known as the O(n 1 ,n 2 ) model [5] . In the special case of n 2 = 1 this model is soluble by a saddle-point method, leading to an exact evaluation of R and α [15, 16] . Unfortunately these results do not pertain to the original meander problem, which is recovered in the limit n 1 , n 2 → 0.
In a recent publication [17] it was argued that the meander problem is a particular realization of the coupling to gravity of a certain two-flavored loop model [18] , initially defined on the square lattice. The most general gravitational version of this loop model is a generalization of the meander problem in which river and road segments, counted with their respective weights of n 1 and n 2 , are allowed to cross as well as to touch one another without crossing (tangency points) [17] . We shall refer to this model as tangent meanders.
On the regular lattice, directed segments of river and road can be inserted by means of certain magnetic defect operators, for which the anomalous dimensions are known exactly.
When dressed by quantum gravity, these dimensions transform according to the KPZ formula [19] . This transformation allows one to extract exact values for the configuration exponent α of tangent meanders, whereas R, being a non-universal quantity, is lost in the process. The connection to the original meander problem is then made by arguing that tangency is irrelevant from a renormalization point of view [17] . Thus, the result for α in fact pertains to the original meander problem, i.e. to the gravitational O(n 1 ,n 2 ) model.
Moreover, the operator content of the theory gives access to other geometries, involving several rivers, possibly with marked points, as well as semi-meanders (river with a source).
Here we review and extend the arguments of [17] . In particular we establish the irrelevance of tangency rigorously in a number of special cases. We also add credibility to the theoretical predictions by performing extensive exact enumerations of various meander geometries, using a generalization of the transfer matrix method presented in [10] . We first address multi-component meanders, that allow for precisely checking the predicted value of the central charge of the underlying conformal theory. Next we explore two distinct river geometries, namely (i) two parallel rivers, and (ii) one semi-infinite river, that permit to validate their magnetic operator formulation within the corresponding conformal theory.
We finally consider the case of tangent meanders and verify the irrelevance of tangency, thus confirming the cornerstone of the argument. In all cases we find an excellent agreement with theory, typically confirming the configuration exponents with 4-5 significant digits.
The paper is organized as follows. In Section 2 we review the square-lattice loop model and its solution, before presenting its gravitationally dressed version and the results for the asymptotics of a range of meander-related quantities. The transfer matrix algorithms are presented in Section 3, and in Section 4 we analyze the data and compare them to the theoretical predictions. Our conclusions and some perspectives can be found in Section 5.
Theory: from fully-packed loop gases to meanders
In this Section, we review the arguments of Ref. [17] relating the meander problem to the gravitational version of a particular fully-packed loop model initially defined on the square lattice [18] . The effect of gravity is to replace the lattice with a random quadrangulation of the sphere. The lattice loop gas is described in subsection 2.1 while its conformal structure is presented in subsection 2.2. The connection to meanders via two-dimensional quantum gravity is explained in subsection 2. Assuming doubly periodic boundary conditions, there are 6 black loops (solid lines) and 4 white ones (dashed lines). Up to rotations, the vertices of the model are of the two types (a) "crossing" or (b) "avoiding".
Fully-packed loop gas on the square lattice
The configurations of the fully-packed loop model that we shall consider are defined by assigning to each edge of the two-dimensional square lattice either of two colors (say, black or white, represented as solid or dashed lines in Fig. 1 , also referred to as 1 and 2 in the following) in such a way that each vertex has exactly two black and two white incident edges. Up to obvious rotations, this gives rise to the two vertex configurations depicted in Fig. 1 in which the black and white lines either avoid or cross each other. Note that with periodic boundary conditions the black and white lines form loops. It is interesting to remark that the fully-packed loop model's configurations defined here differ from those of the so-called densely packed loop model [18] in that each vertex is visited by a black and a white loop, whereas in the dense case, loops of a given (say black) color are not constrained to visit all vertices.
The partition function of the fully-packed loop model is then defined by assigning a weight n 1 per black loop and n 2 per white one,
where we have denoted by L i the total numbers of loops of each color i = 1, 2. Following [18] we shall denote the model with partition function (2.1) as the FPL 2 (n 1 , n 2 ) model, while the densely packed version is referred to as the DPL 2 (n 1 , n 2 ) model.
The loop weights n i may be recast as local Boltzmann weights as follows. This step is important in the field theoretic description of the model, since it leads to a local field theory. Let us assign to each black or white loop an arbitrary orientation, and attach to each vertex a local Boltzmann weight e iπ(ǫ 1 e 1 +ǫ 2 e 2 )/4 where ǫ i = 1 if the oriented loop of color i makes a left turn, ǫ i = 0 if it goes straight, and ǫ i = −1 if it makes a right turn.
Summing over all possible orientations of all loops, we get a factor 2 cos πe i per loop of color i, and therefore we reproduce the desired loop weights by setting The FPL 2 (n 1 , n 2 ) model is known to be critical for 0 ≤ n i ≤ 2 [18] , and is described in the continuum limit by a simple conformal field theory based on free scalar fields. To identify its basic degrees of freedom, it is useful to rephrase the model as a (three-dimensional) height model as follows. Starting from an oriented fully-packed black and white loop con- Rules determining the change of the height variable across labeled edges. We adopt the Ampère convention that the height is increased (resp. decreased) by the edge value if the arrow of the edge points to the left (resp. right). The edge labels must be interpreted as three-dimensional vectors with the respective values A, −B, C, −D.
Conformal field theory description
a given black or white loop is reversed if we interchange the A and B or C and D labels along the loop.
The above colors allow for the definition of a dual vector height variable on the center of each face of the lattice. Indeed, viewing as vectors the A, B, C, D labeling of the edges of the lattice, let us arbitrarily fix the height to be zero on a given face of the lattice, and define it on all other faces by successive use the rules of Fig. 3 for the transition from a face to any of its neighbors. Note that it is necessary to impose the condition A + B + C + D = 0 to ensure that the heights are consistently defined around each vertex.
We may therefore assume in all generality that A, B, C, D are actually four vectors in IR 3 with vanishing sum. To get a more symmetric formulation, we may further fix A, B, C, D to be the four unit vectors pointing from the center of a tetrahedron towards its vertices.
The heights are then clearly three-dimensional, as linear combinations of A, B, C, D. In the continuum limit, it was argued [18] that the three-dimensional height variable turns into a three-dimensional scalar field. Moreover the symmetries of the model completely fix the action for these fields and the corresponding field theory is conformal, with central charge
where e i have been defined in (2.2) and are constrained by 0 ≤ e i ≤ 1/2. Actually the shift in the central charge away from 3 is due to the introduction of a background electric charge, ensuring that loops that have non-trivial winding with respect to the periodic boundary conditions still get correctly weighted, although for such loops the argument given before (2.2) no longer holds true.
Meanders: the coupling to gravity
To finally get to meanders, we must consider the coupling of the FPL 2 (n 1 , n 2 ) model to two-dimensional quantum gravity, by allowing the square lattice to fluctuate into arbitrary planar four-valent graphs. For each such graph the fully-packed loop model is still defined by coloring the edges black or white and allowing only the vertices shown in Fig. 1 . As before, each colored loop is weighted by the appropriate n i factor (i = 1, 2).
If we try to go through the steps of the previous section, namely by transforming the model into a height model, the issue of bicolorability of the vertices of the lattice becomes crucial on a random four-valent graph. Indeed, not all such graphs are vertex-bicolorable.
So the coupling to gravity stricto sensu (sum over arbitrary planar four-valent graphs) will destroy this property.
We may now follow either of the two following paths. First, we can repair this and impose that the particular coupling to gravity preserve the bicolorability, namely that the gravitational model be defined on the set of vertex-bicolorable four-valent graphs only.
These graphs are dual to the so-called Eulerian quadrangulations. In genus zero (planar case), the latter are characterized by the fact that all their vertices have an even valency (Euler condition). If we couple the FPL 2 (n 1 , n 2 ) model to Eulerian gravity, the A, B, C, D labeling is still well-defined, as well as the three-dimensional height, now defined on the centers of the faces of the graph. This preserves the degrees of freedom of the flat space model entirely in the gravitational formulation. This approach was initiated in [20] for the simpler case of the fully packed O(n) model with only one type of loops. On the other hand, we can study how the degrees of freedom of the model are affected by the coupling to ordinary (non-Eulerian) quantum gravity. Having lost the bicolorability of vertices, it is no longer possible to distinguish between A and B labels on one hand, and C and D on the other. We may still define an edge-labeling of the graph in one-to-one correspondence with oriented colored fully-packed loop configurations on the graph, but with vectors A, B, C, D satisfying the two constraints A + B = 0 and C + D = 0, and picking A and C to be two perpendicular unit vectors in IR 2 . The correspondence between color/orientation and A, C labels reads as in Fig. 4 . As in Eq. (2.1), the model is further completed by attaching weights n i to each loop of color i = 1, 2. We may now define a height variable on the centers of the faces of the graph, by use of the previous rules. The main difference is that the height now lives in two dimensions (the plane generated by A and C). Such a dimensional reduction is also observed on the square lattice when going from the FPL 2 (n 1 , n 2 ) to the DPL 2 (n 1 , n 2 ) model [18] ; interestingly enough, the same dimensional reduction is also observed when the FPL 2 model is defined on the Manhattan square lattice, with oriented loops respecting the Manhattan orientation [21] . It results in a shift c → c − 1 in the central charge of the underlying conformal theory, namely
In the following, we will concentrate on this formulation, eventually leading to the solution of the meander problem.
The partition function of the fully-packed model coupled to ordinary quantum gravity, hereafter referred to as the GFPL 2 (n 1 , n 2 ) model, reads in genus zero: To generate meanders, we must now extract from (2.5) the configurations with only one black and one white loop, that will respectively play the role of the river and the road. This is done by taking the limit n 1 , n 2 → 0 in (2.5), resulting in 2 gravitational model, together with its dual height configuration. We note that the NE and SW heights are identical. We may therefore undo the vertex as shown, which results in its irrelevance.
The meanders are therefore generated by the function (2.6) for y = 0. Let us now show that the universality class of the tangent meanders is the same as that of meanders.
In the transformation into a (two-dimensional) height model, the "tangency" vertex b of Fig. 1 corresponds to the arrangements of heights on adjacent faces depicted in Fig. 6 . We notice that the NE and SW heights are identical, irrespectively of the orientations of the two loops. This means that as far as the height variable is concerned this vertex may be simply removed as shown. We conclude that the b-vertex of the model is irrelevant [17] . As a consequence, we expect the following asymptotics for N = 2n + p large of the partition function µ N (x, y) for tangent meanders with a total N of bridges and tangency points:
where the configuration exponent α is independent of x and y for x > 0 and y ≥ 0. In particular, when y = 0, α is identified with the meander configuration exponent M n ∼ cR n /n α . The irrelevance of the vertex b will be checked numerically in subsection 4.4
below.
More generally, we may consider tangent meanders with one single river, but arbitrarily many possibly interlocking closed roads. This is given by the n 1 → 0 limit of (2.5)
while n 2 = q is kept finite, namely
where we have defined the tangent meander polynomial
with coefficients µ (k) 2n,p being the numbers of tangent meanders with k connected components of road, 2n bridges and p tangency points. The polynomial µ 2n,0 (q) = m n (q) coincides with the meander polynomial defined in [5] . We may also define the canonical partition function:
We expect a large N asymptotic behavior of the form 11) where the configuration exponent α(q) only depends on q and not on y/x, due to the irrelevance of the b-vertex. In particular, it takes the same value at y/x = 0, where it coincides with the multi-component meander configuration exponent, i.e. m n (q) ∼
In the special case q = 1 of arbitrarily many roads without extra weight, these numbers can be computed exactly. Indeed, we may decompose an arbitrary multi-component tangent meander with 2n bridges and p tangency points into its upper part (above the river) and lower part (below), and consider that these may be obtained first by picking p 1 points among the total N = 2n + p to be the upper tangency points, and p 2 = p − p 1 to be the lower ones. Let us then draw small semi-circles tangent to the p points, p 1 of them in the upper half, p 2 in the lower. With the 2n bridges, we have now a total of 2n + 2p 1 points in the upper half and 2n + 2p 2 in the lower one to be connected among themselves by pairs through non-intersecting arches. Such upper and lower arch configurations have already been extensively studied in [5] . 12) where the combinatorial factor accounts for the choices of upper and lower tangent points among the total of 2n + p. The corresponding partition function (2.10) reads
When N is large, this is easily estimated by a saddle-point technique, making use of the Stirling formula. For x, y ≥ 0, we find the large N behavior
up to a multiplicative constant depending on x and y only. This shows explicitly that the exponent α(q = 1) = 3 is robust and is not affected by the respective values of x and y.
This confirms in particular the above-mentioned irrelevance of the b-vertex, as α keeps to the same value, irrespectively of y.
In conclusion, the meander numbers belong to the universality class of the GFPL 2 (n 1 , n 2 ) model at n 1 , n 2 → 0. The corresponding flat space theory has the central charge (2.4) with, according to (2.2), e 1 = e 2 = 1/2, hence c = −4. In the next subsection, we will concentrate on the partition function Z GFPL (x, y = 0) (2.6) that generates the meander numbers.
More generally, the multi-component meander polynomial belongs to the universality class of the GFPL 2 (n 1 , n 2 ) model, with n 1 → 0 and n 2 = q and central charge (2.4).
Finally, we may also consider meanders with arbitrarily many rivers and roads, with a weight n 1 per river and n 2 per road; these objects belong to the universality class of the GFPL 2 (n 1 , n 2 ) model. It has been shown using matrix model techniques that the GFPL 2 (n 1 = 1, n 2 = q) with y = 0 belongs to the same universality class as the O(q) model when coupled to ordinary gravity (i.e. defined on arbitrary four-valent graphs) [15] . More precisely, the number of multi-river, multi-road meanders with a total of 2n intersections and with a weight q per road and 1 per river, also weighted by their inverse symmetry factor (and multiplied by 4n to make it comparable to M n ) behaves for large n as 
Field theory description of meandric numbers
The coupling of a conformal field theory with central charge c ≤ 1 to two-dimensional quantum gravity (i.e. its definition on random surfaces) has a simple field-theoretical formulation in terms of the Liouville field describing the conformal classes of metrics of the surfaces. This has led to a number of results, including the precise determination of various critical exponents. Indeed, the gravitational theory (say on genus zero surfaces) displays a critical behavior as a function of the cosmological constant x. In particular, there exists a finite value x c of x at which the (connected) partition function behaves as 16) where the string susceptibility exponent γ is related to the central charge c through [19] 
When applied to the DPL 2 (0, 0) model of the previous section (with c = −4), whose gravitational version was shown to describe meanders, we find that
Comparing (2.16) with the expansion
we deduce the asymptotic behavior [17] 
Moreover, a number of the operators of the flat space conformal theory (in particular the spinless ones, with conformal dimensions h =h) get dressed by gravity, in such a way that they acquire anomalous scaling dimensions. Any given operator φ k with dimensions
when x approaches the critical value x c , and where the dressed dimension ∆ k is related to the flat space conformal dimension h k through
Let us now present the operator content of the c = −4 conformal theory describing the dense loop model DPL 2 (0, 0) [18] . For generic values of n 1 , n 2 , the DPL 2 (n 1 , n 2 ) has a continuum description as a two-component scalar field with charges at infinity. More precisely, it is a Coulomb gas made of two decoupled scalar fields, with c = c(n i ) = 1 − 6e 2 i /(1 − e i ) = −2 at n i = 0 (e i = 1/2) respectively, each viewed as the effective field theory of loops of one color. In particular, within each scalar field theory (indexed by the color i = 1, 2), there exist operators ψ (i) k (z) that create k oriented defect lines (of color i) for the scalar field, with conformal dimensions [23] :
at n i = 0. In the Coulomb gas formalism, these correspond to electromagnetic operators with electric charge e i (spin-wave) and magnetic charge ±k/2 (vortex), according to whether the defect line is oriented from or to the insertion point, and k is a strictly positive integer. The electric charge ensures that, if the defect lines wind around the insertion point, all extra curvature weights get cancelled [24] . For k = 0, (2.23) must be replaced by h (i) 0 = 0 corresponding to the identity operator. The correlation functions must have a vanishing total magnetic charge. Although these operators also carry an electric charge 1/2 = e 1 = e 2 , the electric neutrality of correlators imposes no extra condition 1 .
We may also combine operators for both colors, namely consider mixed operators
Let us now study the dressing of these operators by gravity, and interpret them in meandric terms. The dressed operatorψ
k again corresponds to the creation of a vertex with |k| outcoming (k > 0) or incoming (k < 0) lines of color i.
As a first example, note that h −2 indeed counts meanders with two marked points on the river. We will meet more examples of this below. 1 It can be shown [25] that the corresponding non-minimal conformal theory pertaining to the loops of color i (with central charge c = 1 − 6e 2 i /(1 − e i )) is equally well defined as a theory with central charge c = 1, in which the operator content has been reorganized, and in particular all of the above electromagnetic operators get a vanishing electric charge, while their magnetic one is unchanged. A supersymmetric version of this theory was also introduced in [26] , in which arbitrary correlators could be calculated, irrespectively of the electric charge.
The first application of the above concerns the two point function describing the insertion of a segment of river (color 1)
Recall that when we take the limit n 1 , n 2 → 0, only diagrams with one connected component of river and one of road are selected. In the case of (2.24), the river forms a segment, around which the road can freely wind (see Fig. 8 ). To fix ambiguities, let us send one end of the river to infinity (say to the left) and therefore represent the river as a half-line (this is allowed as we work on Riemann sphere). The number of configurations of a closed road crossing a half-line (river with a source) through n bridges is defined as the semi-meander numberM n . We immediately identify the series expansion of (2.24) as a function of x to be ψ (1) 1ψ
(1)
We therefore deduce the semi-meander asymptotics [17] M n ∼c x c
A typical example of an eight figure river geometry (a). On the sphere, it is equivalent to the situation of (b), where the river crossing has been cleared of all winding pieces of road. This crossing may finally be sent to infinity (c) so as to form two parallel rivers. We have represented a particular configuration of road with 2p 1 = 4 bridges on one loop and 2p 2 = 2 on the other. Due to magnetic neutrality in the operator formulation, the two loops are marked as shown.
Our second example is the "eight" meander, in which the river forms the figure "eight".
To generate it, we need to insert an operatorψ (1) 4 , but magnetic neutrality forces us to insert two river-marking operatorsψ
−2 , one on each loop of the eight. The three-point correlation function ψ (1) 4 (ψ
−2 ) 2 therefore generates the numbers of meanders whose river forms an eight figure, and with one marked point on each loop (see Fig. 9 (a) ). To fix ambiguities, let us send the river-crossing to infinity. We may now represent the river as two parallel lines (all connected to the four-valent point at infinity), but the markings are still there (c.f. Fig. 9 (c) ). Hence we have 27) where M 2−mark n is the number of meanders with two rivers, each of which is marked, and 
(2.28) 29) where . . . n stands for the average over all meanders with 2n bridges. How to construct a new meander with 2n + 2 bridges from a meander with 2n bridges and one distinguished exterior arch, here on the upper half of the meander. We cut the corresponding arch, and glue it back across the river, by encircling the whole lower part of the meander. This is easily inverted within the set of meanders with 2n + 2 bridges and one unique upper or lower exterior arch, showing that this construction gives only rise to distinct meanders.
We now argue that E + 1 n remains finite when n → ∞. Indeed, starting from a meander with 2n bridges, we may construct one new meander with 2n + 2 bridges for each upper and lower exterior arch. As shown in Fig. 11 
We therefore have the asymptotic bounds 1 ≤ E + 1 n ≤ 1 + R/2, which implies that M 2−riv. n ∝ R 2n /n α like ordinary meanders, hence α 2−riv. = α. We also deduce that
This shows the rather unexpected result that the two-river meanders tend to be very asymmetric, with a number of bridges of the order n on one river (since p 1 + p 2 = n) and of the order n β−1 on the other, with β − 1 = 0.521898 · · ·. The above arguments can be generalized to the case of multi-component meanders and give rise to similar predictions.
In [17] , a number of other results have been presented, all corresponding to more sophisticated river geometries, and making use of the magnetic defect operatorsψ
k . It would also be possible in principle to use mixed operators to generate diagrams with both road and river geometries fixed. Another direction consists in going away from the point n 1 = n 2 = 0, for instance by considering the GFPL 2 (n 1 = 0, n 2 = q) model in which meanders with arbitrary numbers of roads are considered, with a weight q per road. In that case, the corresponding conformal theory with central charge (2.4)
may be viewed as two decoupled bosonic field theories: a c = −2 theory (that of river loops, at n 1 = 0) and one with c = c(q) = 1 − 6e 2 /(1 − e), where q = 2 cos πe (that of road loops). The generating function Z GFPL (q; x, y = 0) (2.8) for meander polynomials reads
with γ(c) as in (2.17) , and c as in (2.32) . This turns into the asymptotics 
with ∆ 1 (c) as in (2.22), c as in (2.32), and h 1 = −3/32 as in (2.23). This yields [17] α(q) .32).
An important remark is in order concerning the range of validity of (2.35) and (2.37).
First, the DPL 2 (0, q) model is critical only for q ≤ 2, i.e. e ≥ 0. We expect therefore a very different scaling behavior for the meandric numbers when q > 2. At large q, it was shown in Ref. [8] that
independently of q. On the other hand, for semi-meanders, this transition at q = 2 is never reached.
Indeed, another phenomenon appears at a value q c < 2. It corresponds to a proliferation of connected components of road and also of the pieces of road that wind around the source of the river. More precisely, let us compare the two following contributions to the multi-component semi-meander numbers, according to whether: (i) "branched" semi-meanders dominate: the semi-meander is typically separated into two parts, namely the interior and exterior of a "big circle" as shown in Fig. 12 . The contribution of such semi-meanders reads asymptotically
(ii) "connected" semi-meanders dominate: the semi-meanders cannot be cut as in (i), and
The transition between the two regimes (i)-(ii) will take place when 2ᾱ(q) − 1 =ᾱ(q).
We deduce that precisely at the transition, we must haveᾱ = 1, which according to (2.37) takes place when 24e 2 + e − 1 = 0, namely at the critical value e = e c , q = q c given by in the regime q < q c ). But when the winding number of the semi-meanders becomes relevant (of the order of n) we expect many more semi-meanders than meanders with the same number of bridges, andR(q) > R(q) for q > q c .
Meander enumeration algorithms
In this Section, we will describe the algorithms that we used to check numerically our predictions of Sect. 2 for the different configuration exponents. All the results presented below concern the case n 1 = 0, i.e. a connected river configuration, and a varying weight n 2 = q per road, i.e. multi-connected road configurations. We will also consider the several meander geometries discussed in Sect. 2.
All our algorithms are based on transfer matrix techniques. Transfer matrices have proven to be very powerful for studying a wide range of statistical mechanics systems, especially in two dimensions. Originally applied to systems with local interaction, such as the Ising model, the "row to row" transfer matrix describes the transition between two successive rows of spins, say at 'time' t and t + 1 along the transfer direction. More recently, the transfer matrix technique was also applied to systems with non-local degrees of freedom, but where, in a suitably designed basis, the statistical weights can still be evaluated between neighboring time slices. In this way it became possible to study selfavoiding polygons [27] and walks [28] , and the random cluster model [29] , to mention but a few important examples.
Finally, transfer matrices can also be applied to random lattice problems, as long as a definite transfer direction can be defined, as for instance in the case of Lorentzian gravity [30] . This is also precisely the case in the meander problem, where we can simply choose to transfer along the river, adding one bridge in each time step. This was first recognized by Jensen in [10] where the method proved to be much better than previous enumeration algorithms, leading in particular to the largest accessible numbers of bridges.
When implemented on a computer, the transfer matrix algorithms will allow to enumerate exactly the various meandric objects that we are interested in for a fixed finite number N of bridges up to a certain maximal value of N (typically up to 48 bridges in the results presented below). From these exact finite N values, we can extract estimates for the large N asymptotic behaviors, and in particular for the configuration exponents described in Sect. 2. We can then compare these estimates to the corresponding expected theoretical values.
This section is organized as follows: The case of one infinite river (the original meander problem) is discussed in subsection 3.1, while the other geometries, including the case of two infinite parallel rivers (connected at infinity), with possibly marked points on each of them, and the case of a semi-infinite river (semi-meanders), are discussed in subsection 3.2. In the three cases above, we allow only crossing vertices of type a (cf. Fig. 1 ). The inclusion of tangency points for the infinite river case (tangent meanders) is discussed in subsection 3.3. We also show the state of that part of the meander that is to the left of a given vertical line perpendicular to the river (here in position after t = 2 steps). The transfer matrix acts by transferring this line from the left to the right. Figure 13 shows a typical meander system with one infinite river and N = 8 bridges.
One infinite river (meanders)
The partition function is defined by giving a weight n 2 = q to each road. The transfer matrix acts by transferring from the left to the right a vertical line intersecting the river between two consecutive bridges. A state characterizes that part of the system that is to the left of the vertical line by listing the pairwise connectivities amongst the road segments as well as the position of the river.
Whenever the vertical line is transfered one step to the right, a new bridge is added and one out of four possible operations (O, C, U and D) can take place, as indicated on the figure. Each of these operations connects two consecutive states of the system, before and after the addition of the bridge. The operation O opens a new road segment on top of the river, thus connecting the two sides of the river. Similarly the operation C closes a road on top of the river. This operation comes in two variants, depending on whether the closed segment was already connected before the addition of the bridge (C) or not (C * ). In the former case, the road segment is erased and a non-trivial Boltzmann factor of q must be accounted for. In the latter case, the connectivity is transformed so as to connect the left-over partners of the two road segments that were eliminated. Finally, a road segment immediately below the river can move up (operation U), and a segment just above the river can move down (operation D).
In order to fully specify the transfer matrix of this problem we need to enumerate the possible connectivity states at a given time. The number of such states determines the size of the memory needed to store information at time t = n. We will therefore compute the number F (n, N ) of connectivity states after addition of the n-th bridge for any n = 1, 2, . . . , 2N for the case of 2N bridges. Also, to implement the calculation of the meander partition function on a computer, one needs to order these states so that the entries of the transfer matrix can be accessed by means of a one-to-one mapping between the states and the set of integers 1, 2, . . . , N states . Here N states stands for the total number of states encountered in the whole transfer process from the left of the first bridge to the right of the last one. It is also the dimension of the explored state space and depends explicitly on the number 2N of bridges added in the whole process. This number will be estimated below while the explicit ordering procedure will be presented at the end of this subsection. 
Dimension of the state space:
Let us now turn to the computation of the numbers F (n, N ). To this end we begin by relating these numbers to properties of a certain class of restricted Brownian walks.
Consider a situation where there are p 1 (resp. p 2 ) road segments above (resp. below) the river, and where these segments are pairwise connected in such a way that exactly h arches cross the river. It is easy to check that the four operations O, C, D and U described above always shift p 1 , p 2 and h by one unit, either +1 or −1, so that, by induction, n, p 1 , p 2 and h have the same parity. Clearly, we also have h ≤ p 1 and h ≤ p 2 as an arch crossing the river connects a point above it to a point below it. There are then (p 1 − h)/2 (resp. (p 2 − h)/2) non-crossing arches that stay above (resp. below) the river. Now, while a crossing arch can be generated by means of a single bridge, by using the move O, the generation of a non-crossing arch necessitates at least two moves (O followed by either U or D). Therefore, twice the number of non-crossing arches plus the number of crossing arches cannot supersede the number of bridges added, i.e. p 1 + p 2 − h ≤ n. In terms of h, the arch "height" above the river, this leads to the constraint:
Note that the above condition automatically implies that p i ≤ n, i = 1, 2.
The above constraint turns out to be the only one as long as n ≤ N . For n > N there are additional constraints, since we must always be able to annihilate any given state at level n in at most 2N − n moves so as to end up with the "empty" state at the right of the 2N -th bridge . Since p 1 and p 2 can decrease by at most one at each step, we thus have to impose for n > N the two extra conditions:
It is easy to estimate the number N states of accessible states, i.e. those which satisfy the above constraints (3.1) and (3.2) for all n = 1, . . . , 2N . An arch configuration, read from the bottom and upwards, can be mapped onto a (p 1 + p 2 )-step Brownian walk, where the position h i (i = 0, . . . , p 1 + p 2 ) of the walk starts from h 0 = 0 and is increased (resp. decreased) by one unit for each opening (resp. closing) of an arch, as illustrated on Figure 15 . Evidently these walks are constrained by h i ≥ 0 for all i. Decomposing the walk into its left part (describing the arches below the river) and its right part (describing the arches above the river) connected at height h, we are naturally lead to define f (p, h) as 
In terms of f (p, h), the number F (n, N ) of states accessible at level n can then be written as
where it is implicitly understood that h, p 1 and p 2 in the sums above all have the parity of n.
When N ≥ n it is possible to rewrite Eq. (3.4) in a simpler form, since the second constraint in the upper limit of the summations over p 1 and p 2 (namely p i ≤ N − n) does not come into play. Setting p 1 + p 2 = 2p, we simply have to enumerate all the set of p arches, cut by the river at a height h that has the same parity as n and satisfies the constraint h ≥ 2p − n. Let us define h min (n, p) ≡ max(0, 2p − n) for n even max(1, 2p − n) for n odd. (3.5) In the walk language, we have to count all the walks of length 2p that stay non-negative with a marking at a point of height h ≥ h min and with a well defined parity, that of n.
The total number of non-negative walks of length 2p going from 0 to 0 and with a marked point at position h can be easily calculated to be:
Summing over the heights h ≥ h min (n, p) having the parity of n (which is also that of
The complete number of states used in the transfer matrix is now simply obtained by summing over the number of arches. Depending on the parity of n, we get:
for n even, (3.8) and similarly:
Note that the above expressions do not depend on N . This is because we assumed that n ≤ N , in which case the second constraint (3.2) is ineffective. For large n, the above expressions for F (n, N ≥ n) can be evaluated by a simple saddle point approximation.
Setting p = yn, we get a saddle point at a value y ⋆ solution of 
arches. The quantity F (n, N ≥ n) is then found to grow asymptotically as a n , where
which, using (3.10), is also the solution of
This yields the numerical value a = 2.147899036 · · ·. (N, N ) after addition of the N -th bridge is less than the maximal number of states F (n max , N ), which occurs at a value n max slightly above N .
In Table 1 , we give some explicit values of the number of states needed when enumerating meanders with 2N bridges. It is seen that the maximum number of states occurs slightly after the addition of the middle bridge, n = N . For large N , one can easily estimate the value n max of n where this maximum occurs. Indeed, for n > N , the second condition (3.2) starts to play a role. As we have seen, for large n, the state statistics without the second constraint is dominated by arch configurations with p 1 = p 2 = p ⋆ = y ⋆ n. Therefore, we expect this second constraint (3.2) to effectively affect the asymptotic behavior and start reducing the number of states whenever p ⋆ = 2N − n, i.e. for n = 2N/(1 + y ⋆ ). Assuming that this precisely corresponds to the step having the maximum number of states, we have
We can then estimate the asymptotic number of encountered states in the whole process to grow like:
14)
The estimates (3.13) and (3.14) agree with the values observed in Table 1 .
Ordering the states:
According to Eq. (3.4), the full set of F (n, N ) states can be ordered if we know how to order the f (p, h) If h A = h B this criterion is inconclusive, and one compares the values of p 1 , so that A precedes B if p 1,A < p 1,B . In case of further equality one proceeds to compare p 2 , and so on.
To order the Brownian walks, consider first the example contributing to f (7, 3) shown in Fig. 15 . The idea is to obtain another formula for f (p, h) which will in turn allow us to define a recursive ordering of the walks. We start by focusing on the first (lowermost) arch.
Either this arch is open (as is the case on the figure), or it closes at some other point before p. In the first case the remaining arch configuration is a contribution to f (p − 1, h − 1), and in the second the arches inside the first arch are independent of the arches above its termination point. We therefore have
with f (0, h) = δ 0,h , and f (p, h) = 0 for p < 0. This is the required formula.
A walk contributing to f (p, h) can now be recursively ordered, first by considering the termination point of the lowermost arch (which by definition is infinity if that arch is open), then by (recursively) considering the ordering of the smaller arch system inside the first arch, and finally by (recursively) considering the ordering of the arch system above the first arch (which only exists if that arch is closed). The procedure just described generalizes the ordering of the Catalan connectivities c p/2 = f (p, 0) given in Ref. [29] .
Other geometries
We now come to the case of the more involved meandric geometries encountered in Sect. 2.
Two infinite rivers:
It is possible to generalize the multi-road one-river transfer matrix to the case of several rivers, provided that the latter can be deformed into a system of parallel lines that are only connected among themselves at infinity. For simplicity we consider in the following the case of two such infinite rivers. As we have seen, this situation also corresponds to the deformation of the figure-eight configuration shown in Fig. 9 , provided that a marked point is added on each river.
Fig. 16:
The deformation of a two-river configuration by sending all the bridges crossing the upper river to the left and all the bridges crossing the lower river to the right. The transfer matrix acts by first adding the left bridges, then the right ones.
As before, the crucial point is to have a well-defined transfer direction, which we simply take to be parallel to both rivers. For any given configuration with 2N bridges we write N = N 1 + N 2 , where 2N 1 (resp. 2N 2 ) is the number of times the roads cross the first (resp. the second) river. Note that contrary to the bridges on the same river which are naturally ordered, bridges on the first and on the second river are not naturally ordered with respect to one another. To avoid double counting in the transfer matrix approach, we can simply deform the roads as in Fig. 16 so as to send all the bridges of river 1 to the left and all those of river 2 to the right. In the transfer process, we thus add first the 2N 1 bridges crossing the first river and then the 2N 2 bridges crossing the second river.
Given a decomposition N = N 1 + N 2 , the calculations therefore proceed exactly as in the one-river case, except that when both N 1 > 0 and N 2 > 0 not all of the connectivity states described in Sect. 3.1 come into use. Denoting by p 1 the number of road segments above the first river, by p 2 the road segments in between rivers, and by p 3 the segments below the second river, we now have the following constraints after the addition of the n-th bridge:
The total two-river meander polynomial is obtained by summing over the possible decompositions. We can furthermore simply address the situation with a marked point on either river by weighing each term in the decomposition by a factor of (2N 1 + 1)(2N 2 + 1).
One semi-infinite river (semi-meanders):
Finally, we have examined systems of semi-meanders, where the roads are allowed to wind around the source of a semi-infinite river. Each winding number w can be examined separately, by choosing an initial state of w arches nested inside one another, and simply applying the four operations discussed in Sect. 3.1. Unfortunately in this situation we have not found a simple and full description of the generated states (apart from w = 0 and w = 1). It is however still possible to carry out the transfer matrix calculations, by simply inserting the generated states in an unordered list. The price to be paid is that to find a given state one will have to sequentially search through the entire list, leading to a pitiful waste of computation time. This is nevertheless what we have done, and consequentially we have had to content ourselves with smaller system sizes.
Tangency points
The six new operations allowed for tangent meanders.
We have also enumerated systems of tangent meanders, where apart from the four types of moves at each bridge described in subsection 3.1, we allow for the six additional operations depicted in Figure 17 . These moves allow to open a road whilst staying above or below the river (O a and O b ), to similarly close a road without crossing the river (C a and C b ), and finally to touch the river whilst staying above it or below it (T a and T b ). The meander polynomial is now defined by assigning a weight x to each of the crossing bridges and a weight y to each of the tangent vertices.
Here again, we have not been able to find an explicit way of enumerating and ordering the states obtained by applying this set of ten operations to the vacuum.
Numerical results
Let us now present our numerical results obtained by use of the algorithms presented in Sect. 3, together with an appropriate extrapolation procedure. Subsection 4.1 discusses multi-component meanders and introduces the extrapolation method. Subsection 4.2 is devoted to the case of two parallel rivers, while subsection 4.3 addresses semi-meanders.
Finally, we study tangent meanders in subsection 4.4.
One infinite river (meanders)
We have enumerated multi-connected meanders with one infinite river and a fixed fugacity q up to N = 24, i.e. 2N = 48 bridges for q = 0, √ 2, √ 3 and 2. In other words, we evaluated the quantities
. From these numbers, we can extract estimates for the large N "activity"
per bridge R(q) and configuration exponent α(q) defined as in Eq. (2.11) by :
The estimates for α(q) can be transformed into estimates for the central charge c(q) through the following relation, inverting (2.17) for γ = 2 − α(q):
Starting from the zero-th order values:
we can build better estimates R N by a recursive use of a standard convergence acceleration procedure:
and similarly for α Table 2 : Numerical estimates for the meander configuration exponent α(q), the activity R 2 (q) per pair of bridges, and the central charge c(q). The error is implicitly on the last digit. The corresponding theoretical values are also listed. We have also computed the numbers M From these values, we can extract the polynomials m N (q) =
the values R(q) and α(q) for a varying fugacity q. These values are displayed in Fig. 19 together with the prediction (2.35)-(2.32).
All our estimates clearly validate the theoretical predictions with a very good accuracy.
We note a small discrepancy for values of q close to q = 2. This corresponds to the regime which has the worst convergence of our acceleration procedure. This poor convergence might be due to either corrections which are not regular, as implicitly assumed, or to the vicinity of a transition at q = 2 where the DPL 2 model stops being critical. We anyway impute this small discrepancy to our estimation procedure.
Two infinite rivers
Beyond the central charge, we can also test the operator content of the theory. A first check concerns the dimension ∆ 4 of the operator creating a vertex with four outgoing river segments, which, as we already explained, can be measured through the configuration exponent α 2−mark for two parallel infinite rivers with a marked point on each river. As we mentioned before, in the absence of marking, we expect the two-river configuration exponent α 2−riv. (q) to be simply the same as that of meanders with a single infinite river. Table 4 : Numerical estimates for the configuration exponent and the activity R 2 (q) per pair of bridges in the case of two un-marked rivers (upper half) and two marked rivers (lower half). The error is implicitly on the last digit. The corresponding theoretical values are also listed.
Here again, the numerical values corroborate our predictions for the various configuration exponents. Note that we find that the activity per bridge is for these two cases the same as for a single infinite river. It should not come as a surprise that the activity R(q) per bridge is independent of the particular meander geometry since it is a bulk quantity insensitive to the choice of boundary conditions (river shapes). It is also interpreted as the inverse of the convergence radius common to all the generating functions of the numbers at hand, also viewed as various correlators within the same theory.
One semi-infinite river (semi-meanders)
As a second check of the operator dimensions of the theory, we also considered the case of semi-meanders with a single semi-infinite river (n 1 = 0) and a arbitrary number k of connected components of road. Our estimates rely on an exact enumeration of the numbersM For this particular geometry, a clear parity effect occurs and it is thus important to make numerical evaluations from semi-meander numbers with either even or odd N to avoid large numerical errors. The results presented in Fig. 22 were extracted from even values of N . Table 6 lists quantitative values for the configuration exponent and the activity per pair of bridges. Here again, we note that the activity per bridge is identical to that of the other geometries. As shown in Fig. 22 , the configuration exponent is in very good agreement for q less than 1.5. For larger values of q, a small discrepancy appears, again imputable to a poor convergence probably due to the vicinity of a transition point, now at q = q c where we expect a proliferation of connected components of road for the semi-meander geometry. Table 6 : Numerical estimates for the configuration exponent and the activity R 2 (q) per pair of bridges in the case of one semi-infinite river (semi-meanders). The error is implicitly on the last digit. The corresponding theoretical values are also listed.
Tangent meanders
Finally, we also checked our assertion that the "tangency" vertices of type b (see Table 7 below. We find a clear evidence that the configuration exponent is independent of y, indicating that the universality class of tangent meanders and that of meanders are the same, as predicted in subsection 2.3. 1, 2, 3, 4) . Each value is represented at an abscissa n corresponding to the largest index N = n for the number of vertices (resp. the number of bridge pairs in the case y = 0) used in the estimate. We also draw horizontal lines at the predicted value. Table 7 : Numerical estimates for the configuration exponent and the activity R(q) per bridges in the case of tangent meanders with q = 0, x = 1 and y = 0, 0.5, 1 and 2. The error is implicitly on the last digit. The corresponding theoretical value is also listed.
Discussion and conclusion
In this paper, we have presented theoretical and numerical evidence for a number of The range of validity of the exact prediction for the meander configuration exponent in the general case of a weight n 1 per river and n 2 per road. In addition to the criticality constraint that 0 ≤ n i ≤ 2, we have represented the c(n 1 , n 2 ) = 1 curve (joining the points (n 1 = 2, n 2 = 1) and (n 1 = 1, n 2 = 2), and passing by (n 1 = √ 2, n 2 = √ 2)), beyond which the meanders are in a branched polymer phase. We have also represented by a dashed line the location of the winding transition joining the point (0, q c ) to the point (1, 2).
Ranges of validity and transitions
The physical arguments presented above allow to go much farther than just the case of one or two rivers. Indeed, we have seen that meanders are a particular case of the GFPL 2 (n 1 , n 2 ) model at n 1 = n 2 = 0 with y = 0. Let us define multi-river and multi-road meander polynomials of order n, m n (n 1 , n 2 ), by the following expansion of the partition function Z GFPL (2.5) for y = 0
Then we can as well predict the following large n asymptotic behavior m n (n 1 , n 2 ) ∼ C(n 1 , n 2 ) R(n 1 , n 2 ) 2n n α(n 1 ,n 2 ) , α(n 1 , n 2 ) = 2 − γ(c(n 1 , n 2 )) ,
where c(n 1 , n 2 ) is the central charge of the DPL 2 (n 1 , n 2 ) model (2.4), and γ(c) is as in (2.17) . The general prediction (5.2) was actually proved in the case n 1 = 1 and arbitrary 0 ≤ n 2 ≤ 2 in [15] , by solving a particular matrix model.
Note however that the range of validity of (2.17) imposes that c(n 1 , n 2 ) ≤ 1. This gives the total range of validity of Fig. 24 . Outside of this range, we must consider the two following cases:
(i) One of the n i > 2: then the DPL 2 model is no longer critical, and we have no field theoretical prediction as to the value of the configuration exponent. It has been shown however, using matrix model techniques, that in the resembling case of the so-called O(n) model, the critical exponent takes a constant value α = 3/2 independently of n > 2 [16] .
(ii) Both n 1 , n 2 ≤ 2 but c(n 1 , n 2 ) > 1: one encounters the well-known "c=1 barrier" phenomenon in two-dimensional quantum gravity [31] . The corresponding theories are dominated by configurations of surfaces with long fingers (branched polymer phase of quantum gravity). Remarkably, it was shown that γ = 1/2 throughout this phase, leading also to a constant exponent α = 3/2.
Hence we expect (for different reasons) that α = 3/2 identically outside of the range of could not confidently analyze it numerically so far. In the case of semi-meanders, we have predicted an earlier "winding" transition point at n 2 = q c = 2 cos π( √ 97 − 1)/48). More generally, the configuration exponent for multi-component and multi-river semi-meanders (one half-line plus an arbitrary number of river loops) is predicted to bē α(n 1 , n 2 ) = α(n 1 , n 2 ) − 1 + 2∆ 1 (n 1 , n 2 ) = 1 + 1 24 25 − c(n 1 , n 2 ) + 1 − c(n 1 , n 2 ) 6(1 − e 1 ) − 4c(n 2 ) ,
where c(n 2 ) = 1 − 6e 2 2 /(1 − e 2 ) and n i = 2 cos πe i . The range of validity of (5.3) is smaller than the domain of Fig. 24 , as it is delimited by the curve 3(1 − e 1 )/2 + 6e 2 2 /(1 − e 2 ) = 1, with n i = 2 cos πe i (it is represented in dashed line on Fig. 24 ). The latter corresponds to a winding transition as explained above, where the number of pieces of road winding around the source of the semi-infinite river becomes relevant. Above that curve, we expect the semi-meander configuration exponent to identically vanish.
Extensions
Extending the generalization of the previous subsection, we could consider both complicated river geometries and keeping n 1 , n 2 finite. This requires some care when dealing with the electromagnetic operators creating river vertices, as several geometries might correspond to the same correlators. Also extra care should be exercised when imposing that the meandric objects be connected: in the multi-river and multi-road case, a meander must be globally connected, but can have disconnected rivers or roads. We may also define higher-genus meandric numbers [5] which can also be enumerated by transfer matrix techniques, for instance on a torus.
As discussed before, we may also consider the coupling of the FPL 2 model to Eulerian gravity, namely by summing over genus zero tetravalent graphs with only faces of even valency. Then all the above predictions are expected to still hold, except that we must take the formula (2.3) for the central charge, that remains one unit above that of the DPL 2 model as we have ensured the vertex-bicolorability of the graphs we sum over [20] . Note that, in this Eulerian case, the b-vertex of Fig. 1 is now relevant and we must take y = 0 to we may generate different universality classes, described by different conformal theories.
Upon coupling to two-dimensional quantum gravity, these models would correspond to multi-colored meanders of some kind.
A final direction of generalization would be to add "matter" to the meandric graphs.
Indeed, imagine we would like to consider a more involved model for a compactly folded polymer (protein), by attaching to its nodes a spin variable with inter and intra-chain
Ising-like interactions. Then a simple way of describing it would be by first defining this matter spin model on the configurations of the square lattice fully-packed loop model, and then switching on gravity. If the matter model is still conformal, this should immediately lead to new configuration exponents for meanders in the presence of matter.
Algebraic exponents
It is both interesting and sad to notice that the only meandric numbers that can be calculated exactly with reasonably simple combinatorial formulas are all in one way or another related to Catalan numbers, and the corresponding exponents are always integers or half-integers (take for instance the case n 1 = 0, n 2 = 1, then c = −2, α = 3,ᾱ = 3/2).
For general rational values of the e i , we predict however that the exponents are algebraic numbers, roots of some quadratic equations with integer coefficients. Remarkably, such exponents are not commonplace in physics, but have emerged in some recent works on random walks [32, 33] . If we could devise some relation between the meander problems and this other type of problems, we would probably be able to get a mathematically rigorous proof of our predictions.
Acknowledgements: We thank O. Golinelli for useful discussions.
